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3.1  Generalities

The traditional way to address the problem of multiple objective optimization is to 
associate a scalar objective, generally obtained through some linear combination of 
weighted objectives. Such an approach may be of interest in some cases—particu-
larly if the weight of each criterion is known beforehand—but besides its ad hoc 
character, it has several drawbacks since there is a loss of information and a need to 
define the weights associated to each objective. Moreover, the behavior of the al-
gorithm is very sensitive and is biased by the values of these weights. Schaffer was 
the first to propose a Genetic Algorithm approach in 1985 for multiple objectives 
through his Vector Evaluated Genetic Algorithms (VEGA [1]), but it was biased to-
wards the extrema of each objective. Goldberg proposed a solution to this particular 
problem with both non-dominance Pareto-ranking and sharing, in order to distribute 
the solutions over the entire Pareto front [4]. All of these approaches are based on 
Pareto ranking and use either sharing or mating restrictions to ensure diversity. In 
the following, section we discuss a Pareto-based multi -objective algorithm inspired 
which is a cooperative approach which gives a whole set of non-dominated solu-
tions—the Pareto front.

Another non-cooperative multiple objective algorithm based on the notion of 
Nash equilibrium and hierarchical Stackelberg games. We also describe the con-
cept of hybridized games with Genetic Algorithms and presents some mathematical 
functions to evaluate performances of hybridized games.
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3.2  Definition of A Mult- Objective Problem

Engineering design problems often require a simultaneous optimization of insepa-
rable objectives and associated number of constraints. A multi-criteria optimization 
problem can be formulated as:

 (3.1)
Subject to constraints:

 (3.2)

where fi are the objective functions, N is the number of objectives and x is an N-
dimensional vector where its arguments are the decision variables and g hj k,  are 
equality and inequality constraints respectively.

There are many variants and developments of multi-objective approaches: these 
include the lexicographic approach, traditional aggregating functions, Pareto, Nash 
and Stackelberg game approaches [2, 3]. These concepts are extended and applied 
in combination with EAs in the following sections.

3.3  Cooperative Games: Pareto Optimality

The main interest of a Pareto based evolutionary algorithm is that the optimization 
procedure does not have to combine its objectives. It derives the fitness values of 
the candidate solutions directly from the comparison of their respective objective 
vectors.

A common way to represent the solution to a multi-objective problem is by the 
use of the concept of Pareto optimality or non-dominated individuals [4]. Figure 3.1 
shows the Pareto optimality concept for a problem with two conflicting objectives. 
A solution to a given multi-objective problem is the Pareto optimal set, found using 
a cooperative game which computes the set of non-dominated solutions. This spans 
the complete range of compromised designs between the two objectives. Most real 
world problems involve a number of inseparable objectives where there is no unique 
optimum, but a set of compromised individuals known as Pareto optimal (or non-
dominated) solutions. We use the Pareto optimality principle where a solution to a 
multi-objective problem is considered Pareto optimal if there are no other solutions 
that better satisfy all the objectives simultaneously. The objective of the optimiza-
tion is then to provide a set of Pareto optimal solutions that represent a trade-off of 
information amongst the objectives.

For a minimization problem, a vector x1 is said to be partially less than vector x2 
if and only if:

 (3.3)

In this case the solution x1 dominates the solution x2.

: ( ) 1iMinimise f x i N= …
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As EAs consider multiple points simultaneously, they are capable of finding a 
number of solutions in a Pareto set. Pareto selection ranks the population and se-
lects the non-dominated individuals for the Pareto front. A comprehensive theory, 
literature review and implementation of Multi-objective EAs (MOEAs) including 
the NSGAII and VEGA algorithms is given by Deb in reference [3].

3.4  Competitive Games: Nash Equilibrium

When dealing with multiple objective optimization, Pareto GAs have now become 
a sort of standard in design environments. With the introduction of non-dominance 
Pareto-ranking and sharing (in order to distribute the solutions over the entire Pa-
reto front) the Pareto GAs are a very efficient way to find a wide range of solutions 
to a given problem. However, another multiple objective optimization approach, 
this time a non-cooperative one, was introduced by John F. Nash in the early 50s 
[5] this approach introduced the notion of Nash players and aimed at solving mul-
tiple objective optimization problems originating from Game Theory in Politics and 
Economics.

Fig. 3.1  Pareto optimality
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3.4.1  Definition of Nash Equilibrium

Nash optima define the solution of a non-cooperative multiple objective optimi-
zation approach first proposed by J. F. Nash [5]. Since it originated from Game 
Theory, the notion of a player is often used and we will use it in the sequel. During 
a Nash game, the two players choose their best strategies according to the one de-
cided by the other player to improve their own criteria (their gain). For an optimiza-
tion problem with n objectives, a Nash strategy is a symmetric game which consists 
in having n players, each optimizing its own criterion. However, each player has to 
optimize his criterion given that all the other criteria are fixed by the rest of the play-
ers. When no player can further improve his criterion, it means that the system has 
reached a state of equilibrium called Nash Equilibrium. For a set of two variables x 
and y, let E be the search space for the first criterion and F the search space for the 
second criterion.

A strategy pair ( , )x y E F∈ ×   is said to be a Nash equilibrium if and only if:

 (3.4)

 (3.5)

The definition of a Nash equilibrium may also be generalized to N players. In this 
case, a solution u u um= …( , )1

 with, u the total number of variables, is a Nash equi-
librium if and only if: ∀ ∀i vi, ,

where fi  is the optimization criterion for player i.
With classical optimization approaches, Nash Equilibria are very difficult to 

find. It is generally easier to prove that a given solution is a Nash Equilibrium, but 
exhibiting such a solution may prove to be very hard. And it becomes almost impos-
sible if the criteria are non-differentiable functions. The next section will show that 
GAs offer an elegant alternative.

3.4.2  Coupling Nash Games and GAs

The approach that combines GAs with a Nash strategy was first presented in [6]. 
The merger can be achieved with two (2) players trying to optimize two (2) differ-
ent objectives. Of course, it is possible to consider n players optimizing n criteria, 
as presented in the previous section. But for the sake of clarity, we will restrict 
ourselves to n = 2.

Let s = XY be the string representing the potential solution for a bi-objective op-
timization problem. X corresponds to the subset of variables handled by Player-1, 
and optimized using criterion 1. Y corresponds to the subset of variables handled 
by Player-2 and optimized using criterion 2. Thus, as introduced by Nash theory, 

f x y f x yE x E E( , ) inf ( , ),=
∈

f x y f x yF y F F( , ) inf ( , ).=
∈

f u u u u u f u u v v vi i i i m i i i i m( , , , , ., ) ( , , , , ., )1 1 1 1 1 1… … ≤ … …− + − +
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Player-1 optimizes s with respect to the first criterion by modifying X, while Y is 
fixed by Player-2. Symmetrically, Player-2 optimizes s with respect to the second 
criterion by modifying Y while X is fixed by Player-1.

Then the next step consists in creating two different populations, one for each 
player. Player-1’s optimization task is performed by population 1 whereas Player-2’s 
optimization task is performed by population 2. Let X k−1 be the best value found by 
Player-1 at generation k− 1, and Yk−1 the best value found by Player-2 at generation 
k − 1. At generation k, Player ~ 1 optimizes Xk while using Y k−1 in order to evaluate 
s (in this case, s = Xk Yk −1). At the same time, Player-2 optimizes Yk while using Xk 
− 1 (s = Xk−1 Yk). After running the optimization procedure, Player-1 sends the best 
value Xk to Player-2 who will use it at generation k + 1. Similarly, Player-2 sends 
the best value Xk to Player-1 who will use it at generation k + 1. Nash equilibrium 
is reached when neither Player-1 nor Player-2 can further improve their criteria.

The repartition of design variables between the players (i.e. which player should 
optimize which variable?), depends on the structure of the problem. If the problem 
has n criteria and n variables, it is straightforward that each player should optimize 
one different variable. However, for problems dealing with more optimization vari-
ables than criteria, players must share among themselves the variables. The reparti-
tion may be arbitrary, but in most real-life problems, the physics of the problem is 
likely to suggest a way to split those variables.

As described in Chap. 2, Genetic Algorithms possess robustness for the capture 
of the global solution of multi-modal optimization problems. On the other hand 
Nash games can be used for design under conflict and Stackelberg games for hier-
archical design. Therefore it is quite natural to combine the two approaches, a Nash 
Game with GAs or a Stackelberg game with GAs in order to solve multi-criteria de-
sign optimization problems either under conflict or with a hierarchy between them. 
The resulting decentralized optimization can be considered as a set of decision 
maker algorithms for real design in aerospace engineering well suited to distributed 
parallel computing environments.

In a Nash game, each player uses a GAs to improve his own criterion along gen-
erations constrained by strategies of the other player. In applications, design vari-
ables—with their territory—are geometrically split between players who exchange 
symmetrically their best strategies (best chromosomes) at each generation. Such a 
procedure is continued until no player can further improve its criterion. At this stage 
the system has reached the Nash equilibrium. One of the evident properties of Nash/
GAs is their inherent parallel structure during evolution.

A flow chart of a Nash-GAs is shown in Fig. 3.2. Let S = XY be the string rep-
resenting the potential solution for a dual objective optimization, where X corre-
sponds to the first criterion and Y to the second criterion. Player-1 optimizes X ( Y 
is fixed by Player 2) and Player 2 optimizes Y ( X is fixed by Player-1). Each player 
has his own GAs with population. Nash equilibrium is reached when neither player 
can further improve its criterion (see [6] for more details).
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3.4.3  Generalization to N Nash Players

The generalization of this approach to players derives naturally from the case with 
two (2) players. Let us consider players optimizing a set of function objectives. The 
optimization variables are distributed among the players, in such a way that each 
player handles a subset of the set of optimization variables. Let {AU????—X and 
Y??} be the optimization variables (each can consist of a set of several variables). 
The Nash GAs will then work by using different populations. The first population 
will optimize using criterion 1 while all the other variables will be fixed by players. 
Population 2 will optimize using criterion 2 while all the other variables are fixed 
by players, and so on. The different players still have to send each other information 
about their best (elitist) result after each generation (Fig. 3.3).

This setting may be compared to the so-called Island Model in Parallel Genetic 
Algorithms (PGAs) introduced by H. Muhlenbein et al. [7]) mimicking the ability 
of bird populations to survive on islands in comparison with mainlands. However, 
there is a fundamental difference in the sense that PGAs use the same criterion for 
each sub-population whereas Nash GAs use different criteria (thus introducing the 
notion of equilibrium).

The authors first developed Nash GAs with binary-coded GAs to solve com-
binatorial discrete problems. But for the examples presented, a version based on 
real-coded GAs was used. Therefore in the following sections, each player evolves 
by a real-coded GA, using a non-uniform mutation scheme. A distance-dependent 
mutation is also used, a technique allowing diversity to be maintained in small 

Fig. 3.2  Nash/ GA flowchart
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populations. Instead of a fixed mutation rate, each offspring has its mutation rate 
adjusted after each mating. This mutation rate depends on the distance between the 
two parents (for more details, see [8]).

3.5  Hierarchical Game: Stackelberg

A Stackelberg equilibrium is the solution of a hierarchical game (also competitive 
game), which can be found in Loridan P. and Morgan J. [9]. A Stackelberg game has 
a non-symmetrical structure with completely different roles of players. For instance 
in the case of an optimization problem with two criteria, Nash and Stackelberg 
games are implemented with two players, each player is in charge of one criterion 
and chooses his best decision in a rational reaction set. The players associated to a 
Nash game have a symmetric role, while for a Stackelberg game, the leader-follow-
er roles of players are hierarchically defined.

A two-player Stackelberg equilibrium can be characterized as follows: Suppose 
A denotes the search space of first player—the leader, and B the search space of 
second player—the follower, then a strategy pair ( *, *)x y A B∈ ×  is a Stackelberg 
equilibrium if and only if:

 (3.6)f x y f x yA x A A( *, *) inf ( , *),=
∈

Fig. 3.3  A coupled Nash- EAs algorithm
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where fA  denotes the gain of the first player, y *  is the solution of the following 
minimization problem with respect to the y decision variable:

 (3.7)

where fB  denotes the gain of second player, and x  the design variable value re-
ceived by the first player.

3.5.1  Coupling a Stackelberg Game with GAs

The GA implementation of a Stackelberg game with two players is described in 
Fig. 3.4. Let denotes by S = XY, {AU: IT IS NOT CLEAR WHAT IS DENOTED BY 
WHAT.} X and Y are the strategy set of first player and second player respectively 
(the first player being the leader and the second player the follower. For each indi-
vidual x  frozen of the leader’s decision set, the follower searches the correspond-
ing Y *   to improve his gain. Once all individuals of the leader’s decision set have 
received the corresponding Y *  values, then the leader changes X to improve his 
gain. This numerical procedure is repeated until the leader can no longer improve 
his gain, this means that such a system reaches a Stackelberg equilibrium. It will be 
noticed that the two GAs of the follower and the leader are respectively embedded.

3.6  Comparison of Analytical Solutions and Numerical 
Game Solutions for Solving a Two Mathematical 
Functions Minimisation Problem

Let us consider a game with 2 players A and player B, with the following objective 
functions:

 (3.8)

f x y f x y with x frozen from leaderB y B B( , ) inf ( , ) ,=
∈

f x y x x y

f x y y x y
A

B

( , ) ( ) ( )

( , ) ( ) ( )
.

= − + −
= − + −
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Fig. 3.4  A Stackelberg—GAs flowchart
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3.6.1  Analytical Solution

The mathematical definition of a Nash equilibrium described above is not very 
practical to use. One possible way to find a Nash equilibrium is to use the notion of 
rational reaction set. Let DA be the rational reaction set for A, and DB the rational 
reaction set for B.

An intuitive insight on rational reaction sets is that they are the set of the best solu-
tions a player can achieve in the face of different strategies of his opponent.

DA and DB can be built by finding the x and y values that satisfy the following 
equations:

The Nash Equilibrium is the intersection of the two rational reaction sets DA and DB.
If we go back to the example we have presented, the rational reaction set DA is 

the solution of the equation:

which gives

It follows that the rational reaction set DA is the line y = 2x −1. The second rational 
reaction set DB is defined by the solution of the equation:

Hence, the rational reaction DB is the line y x
=
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Since the Nash Equilibrium is the intersection of the two rational sets, it can be 
determined by solving the system:

which means that the Nash Equilibrium is the point

3.6.2  Nash/Gas and Stackleberg/Gas Numerical Solutions

A similar numerical two-objective optimization is performed using the Nash/GAs 
approach.

Figure 3.5 shows the evolution of the best chromosome for the two populations. 
Population 1 which optimizes criterion fA converges towards 0.88. Population 2 
which optimizes criterion fB converges towards 0.88 as well. Both populations con-
verge after only 50 generations.
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Fig. 3.5  Computed Nash equilibrium
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Those values seem to be different from the ones found analytically, but this is 
because the figure shows the optimization process on the objective space. We can 
easily check that:

The point 0 88

0 88

.

.







 is actually the point f

f
A

B

1 66

2 33

.

.

( )
( )







 in the plan of the criteria, which 

means that we actually find the right point 
0 88

0 88

.

.







 in the plan ( x, y).

Note: if the objective functions fA and fB are permuted, with player A still han-
dling x and player B still handling y, then the Nash equilibrium is not a single point. 
The analytical solution yields the line x = y and the different runs of the algorithm 
converge towards different points on that line.

The analytical and differentiable functions selected above are still selected to 
compare solutions of multi-objective optimizations through Nash/GAs and Stackel-
berg/GAs approaches as follows:

 (3.9)

The optimization problems are to minimize F1 and F2 in search space [ ], 5,5x y ∈ −  
using Nash/GAs and Stackelberg/GAs in a two-player game with which the global 
search space will be decomposed into two parts and each player takes one. With the 
Nash/GAs approach, the two players have a symmetrical role during the game, but 
a non-symmetrical nested role in the Stackelberg/GAs approach.

The analytical solutions for Nash and Stackelberg strategies could be calculated 
according to the mathematical definition of the game, and are shown in Table 3.1.

The numerical solutions are obtained using Nash/ GAs and Stackelberg/ GAs 
approaches, and shown on Table 3.1. It can be noticed that numerical solutions with 
GAs agree quite well with analytical solutions.

Figure 3.6 shows the solution trace during the GAs optimization procedure. In 
the case of a Stackelberg strategy, different leader definitions provide different op-
timal solutions, and these solutions are different from the Nash equilibrium. Finally 
Fig. 3.7 shows a comparison of convergence history of different optimization strate-
gies reached after twenty five (25) generations.

f and fA B

5

3

7

3
0 88

5

3

7

3
0 88, . , . .






= 




=

F f x x y

F f y x y
x y

1 1

2 3
5 51

2 2

2
2 2

: ( ) ( )

: ( ) ( )
, .

= − + −
= − + −

− ≤ ≤




3.6  Comparison of Analytical Solutions and Numerical Game Solutions …
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3.7  Hybridized Games

The Hybrid-Game uses the concepts of Nash-game and Pareto optimality and hence 
it can simultaneously produce Nash-equilibrium and a set of Pareto non-dominated 
solutions. The reason for implementation of Nash-game is to speed up the search for 
one global solution or the capture of a Pareto Front. The elite design variables from 
a Nash-game are seeded to a Pareto-game at every generation. Each Nash-Player 
has its design criterion using his own optimisation strategy. The shape of hybrid 
Nash-HAPEA topology (Hierarchical Asynchronous Parallel Evolution Algorithm) 
is a top view of a trigonal pyramid as shown in Fig. 3.8. More details in this section 
can be found in Lee [10].

Fig. 3.6  Nash and Stackelberg Game solutions reaching equilibrium

 

Table 3.1  Analytical and numerical results: a comparison
Nash Stackelberg

F1 leader F2 leader
X 1.666625 1.399945 1.799998
Y 2.333309 2.200030 2.600001
F1 0.888857 0.800092 1.280001
F2 0.888943 1.280002 0.800004
Analytical result X = 5/3 X = 1.4 X = 1.8

Y = 7/3 Y = 2.2 Y = 2.6
F1 = F2 = 8/9 F1 = 0.8 F1 = 1.28

F2 = 1.28 F2 = 0.8
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Fig. 3.7  Comparison of convergence

 

Fig. 3.8  Hybridized games
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It can be seen that the optimiser consists of three Nash players with one Pareto 
player. Each Nash player is located in a symmetrical array at 60° (Line 1, Line2 and 
Line 3). Each Nash player can have two hierarchical sub-players. As an example, 
the problem considers 6 design variables (DV1 to DV6). The distributions of design 
variable are; Nash-Player1 (black circle) only considers black square design com-
ponents (DV1, DV4), and DV2 and DV5 are considered by Nash-Player 2 (blue 
circle). Nash-Player 3 considers DV3 and DV6. The Pareto player considers the 
whole design variable span (DV1 to DV6).

The Pareto-Player and multi-fidelity Nash sub-players are optional. For instance, 
the Pareto-Player will be used if the problem considers multi-objective or multi-
disciplinary design optimisation. However the Pareto-Player will not be used if the 
problem considers a reconstruction or inverse design optimisation problem since 
Pareto fronts are not required. The multi-fidelity Nash sub-players will be not used 
if the problem requires more than four Nash-Players.

The topology of hybrid Nash-HAPEA is flexible; if there are four Nash players 
then the shape will be a quadrangular pyramid.

3.7.1  Algorithms for HAPMOEA and Hybridized Games

The algorithms for HAPMOEA and Hybrid-Game are described on Figs. 3.9 and 
3.10 where it is assumed that the problem considers the fitness function f = min (x1, 
x2, x3). The validation of Hybrid-Game and HAPMOEA can be found in [10]. The 
reader will consult Chap. 4 for the definition of HAPMOEA.

Fig. 3.9  Pseudo-code of HAPMOEA algorithm
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Fig. 3.10  Flow chart code of HAPMOEA algorithm

 

3.7  Hybridized Games 
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The HAPMOEA has eight (8) main steps as follows:
The hybrid Pareto-Nash method has eight main steps as shown in Figs. 3.11 and 

3.12:
Numerical examples of optimization problems using Hybridized Games are im-

plemented and discussed in Chap. 4.

Fig. 3.11  Pseudo-code for hybridized game algorithm
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Fig. 3.12  Flow chart for hybridized game algorithm

 

3.7  Hybridized Games 
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3.8  Summary of Chapter 3

This chapter shows simple examples how a multi-objective problem can be solved 
using different Game Strategies. The first section showed a cooperative Pareto 
game based multi-objective algorithm inspired by the Non-Dominated Sorting Ge-
netic Algorithm (NSGA) while the second section is focused on competitive Nash 
games. Solutions of a two-objective optimization model problem are computed us-
ing different Pareto, Nash and Stackelberg games and also game coalitions. The 
concept of hybridized game uses dynamically the concept of a Nash-game and Pa-
reto optimality and hence it can simultaneously produce Nash-equilibrium and a set 
of Pareto non-dominated solutions [10, 11]. The innovative idea for implementing a 
dynamic Nash-game during a Pareto optimization is driven by an accelerated search 
of global solutions.
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